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Abstract :
In this paper, we study numerical methods for addressing Fuzzy Riccati Equations by an ap-

plication of Eular method for fuzzy differential equations using generalized Hakuhara derivative.
We give some numerical examples to illustrate the theory.
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1 Introduction
The Riccati equation named after the Italian mathematician Jacopo Francesco Riccati is a basis

first-order nonlinear ordinary differential equation that arises in different fields of mathematics and
physics, It has the form

y′ = P (x) +Q(x)y +R(x)y2

which can be considered as the lowest order nonlinear approximation to the derivative of a function
in terms of function itself . It is assumed that y,P,Q,and R are real valued functions of the real
argument x. It is well known the solutions of the general Riccati eqation are not avilable.

The Riccati equation in the narrowest sense is any first-order ordinary differential equation
that is quadratic in the unknown function .In other words, it is an eqation of the form

y′(x) = q0(x) + q1(x)y(x) + q2(x)y
2(x)

that is very important differential equation in enviornment, physics ,mechanics and other applied
mathematics branches.Numerical solutions of Riccati equation are investigated by many researchers
by many methods for example HAM,HPM,Adomian, Variational Euler methods and others in
[4,11,12]. But this equations are appeared in fuzzy form natural. But few numerical methods
are used for solving fuzzy Riccati equations, Tapaswini et.al found a numerical solution of fuzzy
quadratic Riccati equation by HAM method and Kauffman et.al found the solution of matrix
Riccati differential equation of optimal fuzzy controller for nonlinear singular system with cross
term using simulink.

Fuzzy differential equations serve as mathematical models for many exciting real -world prob-
lems ,not only in Science and Techonology but also in such diverse fields as population models, civil
engineering and modelling hydralic. Initially, the derivative of fuzzy -valued functions was first
introduced by Chang and Zadeh. It was follwed by Dubois and Prade , who used the extension
priciple in their approach.Other methods have been discussed by Pri and Ralescu; they generalized
and extended the concept of Hukuhara differentiabiality(H-derivative) from set valued mapping to
the class of fuzzy mappings.

In the last few years ,many researchers have worked on theoretical and numerical solution of
FDEs specially some authors considered the first order Fuzzy Differential Equation. To our best
knowledge up to now, a few investigations have been devoted to the numerical solution of first
order Fuzzy Differential Equations. This Algorithm initially has been proposed by Ribiei et.al for
solution first order ordinary differential eqations which was the extension of the crisp concept of
this method in solving first order FODEs given in [1, 2, 3] .The most important advantage of this
method is that is has a lower computational cost in comparsion with the previous findings for
methods of the same order which improved the efficiency.
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The first order FODEs are assumed under Hukuhara differentiability. We propose that fuzzy
function and its derivative are H-differentiable. We , therefore , motivated our interest in examples
under this assumption. The accuracy of the proposed algorithms is demonstrated by test problems.
In this work, we present the euler method to solve the Riccati eqution with fuzzy condition as
follows:

y′(t) = p(t) + q(t)y(t) + r(t)y2(t)

with fuzzy initial condition :
y(0) = u0

where, p(t);q(t) and r(t)are fuzzy functions and y0 is fuzzy constant value.

2. Perilimnerys
2.1 Definition

The Riccati difference equations by initial value is considered in the following:

y′(t) = p(t) + q(t)y(t) + r(t)y2(t), 0 ≤ t ≤ T

If we consider initial value be fuzzy number ,we have

ỹ′ = p(t) + q(t)ỹ(t) + r(t)ỹ2(t), ỹ(0) = ỹ0

That fuzzy number or fuzzy function a is shown by ã and p(t),q(t) and r(t) are crisp functions.
The Riccati quadratic equation is a non linear first order differential equations.In the following
section we will find a numerical solution for solving fuzzy Riccati equation .

2.2 Definition
The euler method is based on the first order approximation and is given by

Y ′(t) ≈
Y (t+ h)⊖ Y (t))

h
≈
Y (t)⊖ Y (t− h)

h

But if we consider the definition of fuzzy differential in definition,two kinds of first order differential
are founed. Then two cases are considered :If ỹ′(t) is either (i)-differentiable (or) (ii)-differentiable.
Case(1)

(a): If first differential is (i)-differentiable ,q(t)and r(t) are positive for all t. We have





y
n+1

= y
n
+ h(p(t) + q(t)y

n
)(t) + r(t)y2

n
(t)),

yn+1 = yn + h(p(t) + q(t)yn(t) + r(t)y2n(t)),
y(0) = y

0
,

y(0) = y0

(b): If first order differential is (i)-differentiable ,q(t)and r(t) are negative for all t. We have





y
n+1

= y
n
+ h(p(t) + q(t))y

n
+ r(t)y2

n
(t)),

yn + 1 = yn + h(p(t) + q(t)yn + r(t)y2n(t))
y(0) = y

0
y(0) = y0.

Case(2)
(a): If first order differential is (i)-differentiable ,q(t) and r(t)are positive for all t. We have





yn+1 = yn + h(p(t) + q(t)y
n
(t) + r(t)y2

n
(t))′

y
n
+ 1 = y

n
+ h(p(t) + q(t)yn(t) + r(t)y2n(t)

y(0) = y
0

y(0) = y0
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(b): If first order differential is (ii)-differenentiable ,q(t) and r(t) are negative for all t. We
have





yn + 1 = yn + h(p(t) + q(t)yn + r(t)y2n),
y
n
+ 1 = y

n
+ h(p(t) + q(t)y

n+r
(t)y2(t)),

y(0) = y
0

y(0) = y0

3 Fuzzy Initial Value Problem
Now, we consider the initial value problem

x(t) =





ψ(t, x, x′, x′′.......xn−1),

x(0) = a1, x(0) = a2, .....x(0) = an,

where, ψ is a continuous mapping from R+ ×Rn into R and

ai(0 ≤ i ≤ n)

are fuzzy numbers in E.The mentioned N th order fuzzy differential equations by changing variables

y1(t) = x(t), y2(t) = x′(t).......yn(t) = xx−1(t)

converts to the following fuzzy system.





y′1(t) = f1(t, y1, y2, y3, ......yn),
.............

yn(t) = fn(t, y1, y2, .....yn),

y1(0) = y
(0)
1 = a1, .........yn(0) = y

(0)
n = an,

(1)

. where
fi(1 ≤ i ≤ n)

are continuous mapping from R+×R
n into R and y

(0)
i are fuzzy numbers in E with α-level intervals.

[y
(0)
i ]α = [yi

(0)(α), yi
(0)(α)],

for i = 1, 2, 3, ....n and 0 ≤ α ≤ 1. We cally = (y1, y2, y3, .....yn)
t is a fuzzy solution of (1) on an

interval I, if





yi(t, α) = min{fi(t, y1, y2, y3.....yn);uj ∈ [yj(t, α)], yj(t, α)} = fi(t, y(t, α)),

yi(t, α) = max{fi(t, y1, y2, y3.....yn);uj ∈ [yj(t, α), yj(t, α, )]} = fi(t, y(t, α)).
(2)

and
yi(0, α) = y

(0)
i (α), yi(0, α) = y

(0)
i (α)

Thus for fixed a we have a system of initial value problem in R2n If we can solve it(uniquely) we
have only vreify that intervals [yj(t, α), yj(t, α)] define a fuzzy number yi(t) ∈ E. Now let y(0)(α) =

(y1
(0)(α), y2

(0)(α).......yn
(0)(α))t and y(0)(α) = (y1

(0)(α), y2
(0)(α), ......y

(0)
( α))t with respect to the

above mentioned indicators system (2) can be written as with assumption.

{y(t) = F (t, (y(t))), y(0) = y[0] ∈ En} (3)
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with assumption
y(t, α) = [y(t, α), y(t, α)]

and
y′(t, α) = [y′(t, α), y′(t′α)],

where




y(t, α) = (y(t, α), ........y(t, α))t

y(t, α) = (y(t, α), .....y(t, α))t
(4)





y′(t, α) = (y′(t, α), ........y′(t, α))t

y′(t, α) = (y′(t, α), ........y′(t, α))t
(5)

and with assumption
F (t, y(t, α)) = [F (t, y(t, α)), F (t, y(t, α))]

; where




F (t, y(t, α)) = (f
1
(t, y(t, α)), .......f

n
(t, y(t, α)))t

F (t, y(t, α)) = (f1(t, y(t, α)), .......fn(t, y(t, α)))
t

(6)

y(t) is a fuzzy solution of (g) on an interval 1 for all α ∈ [0, 1]. If





y′(t, α) = F (t, y(t, α)),

y(t, α) = F (t, y(t, α)),

y(0, α) = y(0)(α), y(0, α) = y(0)(α)

(or)

{
y, (t, α) = F (t, y(t, α)),
y(0, α) = y(0)(α)

Now , we show that under the assumption for functions fi fori = 1, 2, 3, ....n. Now we can ob-
tain a unique fuzzy solution for system (2).

4. Stability Analysis of Single Step Methods

The analytical solution u(tj) of the differential equation , the difference solution uj of the
difference equation and the numerical solution uj can be related by a relation of the form

∣∣y(tj)− yj
∣∣ ≤ |y(tj)− yj |+

∣∣yj − yj
∣∣

. In practice,we would like the difference between the analytical and numerical solution to be
small. From(1), we find that this difference depends on the values |y(t)j − yj | and

∣∣yj − yj
∣∣. The

value |y(t)j − yj | is the truncation error which arises because the differential equation is replaced
by the difference equation. A method,is said to be consistent. If it is at least of order 1. For a
consistent method, the truncation error tends to zero as h approaches zero.

The numerical error
∣∣yj − yj

∣∣ arises because in actual computation ,we cannot compute the
difference solution exactly as we are faced with the round -off errors.In fact, in some cases the
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numerical solution may differ considerably from the difference solutrion .If the effect of the total
error including the round -off error remains bounded asj → ∞ with fixed step size, then the
difference method is said to be stable, otherwise unstable. We now study the stability of the single
step methods when applied to the test equation (1).

y′ = λy, y(t0) = y0

. Where λ may be real or complex number.In the previous section, it was shown that the analytical
solution of the test equation satisfies the equation.

y(tj+1) = eλhy(tj).

If we apply any single step method to solve the test equation y′ = λy, then we get a first order
difference equation of the form.

yj+1 = E(λh)yj , j = 0, 1, 2, 3, ....

Let ǫj = uj − y(tj). Then, we obtain

ǫj + 1 = [E(λh− eλh]y(tj) + E(λh)ǫj .

The first term on the right hand side is the local truncation error and the second term on thre
right hand side is the error propagated from the step tj to tj+1. The error on the next step tj+2

satisfies the equation

ǫj+2 = [E2(λh)− e2λh]u(tj) + E2(λh)ǫj .

Where again the first term on the right hand side is the local truncation error and the second term
is the propagated error . The errors in computations do not grow, if the propagated error tends
to zero or is at least bounded. we call a singlestep method , when applied to the test equation
u′ = λu

absolutelystable if |E(λh)| ≤ 1, λ < 0,

relativelystable if |E(λh)| ≤ eλh, λ > 0,

periodicallystable if |E(λh)| = 1.

λ is pure imaginary.

asymptotically stable (A-stable) if yj → 0asj → ∞ .This implies that the stability interval is
h λ ∈ (−∞, 0), that is the entire left half hλ plane. when λ < 0 the exact solution decreases as t
increases and the necessary condition is absolute stability, since the numerical solution must also
decrease with t. when λ > 0, the exact solution increases with t and we do not need the condition
|E(λh)| ≤ 1 , so that the relative stability is the necessary condition to be satisfied . when λ is
pure imaginary and |E(λh)| = 1 the absolute stability is called periodic stability .

Theorem 4.1
If fi(t, y1, y2, ...., yn) for i = 0, 1, 2, .....n are continuous function of t and satisfies the Lipschitz

condition in y = f(y1, y2, y3, ....yn)
t in the region

D = (t, y)|t ∈ [0, 1], (−∞ < yi <∞)

for i = 1, 2, 3, .....n with constant Li then the initial value problem has a unique fuzzy solution in
each case.
Proof :

Denote

G = (F , F )t = (f
1
, f

2
, ......f

n
, , f1, f2, .....fn)

t
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where,

f(t, y) = minfi(t, y1, y2, .....yn); yj ∈ [y
j
, yj ], forj = 1, 2, 3, .....n (7)

f i(t, y) = maxfi(t, y1, y2, y3, .....yn); yj ∈ [y
j
, yj ], forj = 1, 2, .....n (8)

and

y = (y, y)t = (y
1
, y

2
, .....y

n
, y1, y2, ....yn)

t ∈ R2n

It can be shown that Lipschitz condtion of functions fi imply

‖F (t, z)− F (t, z)∗‖ ≤ ‖z − z∗‖.

This graranters the existence and uniqueness solution of





y′t = F (t, y(y)),

y(0) = y(0) = (y(0), y(0))2t ∈ R2n

Also for any continuous function y(1) : R+ → R2n the succesive approximations

y(m+1) = y(0) +

∫ t

0

F (s, ym(s))ds, t ≥ 0,m = 1, 2, 3, ....n (9)

converge uniformly on closed subintervals of R+ to the solution of (9). In other word we have
the following successive approximation .

y
i
(t) = y(0)

i
+

∫ t

0

f
i
(s, ym(s))ds, fori = 1, 2, 3, .....n. (10)

y
(m+1)
i (t) = y

(0)
i +

∫ t

0

f(s, ym(s))ds, fori = 1, 2, 3, .....n. (11)

By choosing y(0) = (y(0)(α), y(0)(α)) in (9). We get a unique solution yα(t) = (y(t, α), y(t, α)) to
(10)and (11)for each α ∈ (0, 1] . Next we will show that the

y(t, α) = [y(t, α), y(t, α)],

defines a fuzzy number in En for each

0 ≤ t ≤ T .

(i.e)

y = (y1, y2, y3, ....yn)
t

is a fuzzy solution to (10) and (11). Thus we will show that the intervals

[y
i
(t, α), yi(t, α)], fori = 1, 2, 3, , , , , ..n

6
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satisfy the conditions of lemma. The successive approximations

ym = y0 ∈ En

y(m+1)(t) = y(0) +

∫ t

0

F (s, ym(s))ds, t ≥ 0,m = 1, 2, 3, .... (12)

where the integrals are the fuzzy integrals define a sequence of fuzzy numbers

ym(t) = (ymi (t), ....ynn(t))
t

for each 0 ≤ t ≤ T .Hence
[ymi (t)]β ⊂ [ymi (t)]α,

if
0 < α ≤ β ≤ 1,

which implies that

[yi(α, β)] ⊂ [ym
i
(t, α), ymi (t, α)], 0 < α ≤ β ≤ 1. (13)

since, by the convergence of sequences (13) and the end point of [ymi (t)]α converges to y
i
(t, α)

and yi(t, α) that means
y[m]
i

(t, α) → y
i
(t, α),

and
y
[m]
i (t, α) → yi(t, α).

Hence prove the theorem.

5 Numerical Exampals

5.1 Example
We consider

y′(t) = 1 + 2y(t)− y2(t)

with intial value y(0) = [α− 1, 1− α]

Sol:

y′(t) = 1 + 2y(t)− y2(t)

The euler equation

yj + 1 = yj + hf(tj , yj), j = 0, 0.1, 0.2, ........1 (14)

Comparition of exact solution and approximate sollutions of Example 5.1 h = 0.01, n = 8
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Figure 5.1
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Table 5.1

α Euler Solution Exact Solution
y
n

yn y
n

yn
0 -1.184998 1.159441 -1.201 1.21
0.1 -1.047753 1.059759 -1.002 1.121
0.2 -0.912908 0.958463 -0.89 0.913
0.3 -0.780410 0.855519 -0.732 0.892
0.4 -0.650205 0.750892 -0.669 0.698
0.5 -0.522241 0.644543 -0.587 0.701
0.6 -0.396468 0.536647 -0.453 0.596
0.7 -0.272837 0.426541 -0.221 0.476
0.8 -0.151301 0.314807 -0.201 0.343
0.9 -0.031812 0.201198 -0.074 0.243
1 -0.085672 0.085672 0.075 0.075

Table 5.2

α Euler Solution Exact Solution
y
n

yn y
n

yn
0 -0.92 1.08 -0.98 1.092
0.1 -0.82 0.98 -0.87 1.02
0.2 -0.72 0.88 -0.776 0.81
0.3 -0.62 0.78 -0.689 0.732
0.4 -0.52 0.68 -0.54 0.63
0.5 -0.42 0.58 -0.46 0.56
0.6 -0.32 0.48 -0.36 0.442
0.7 -0.22 0.38 -0.232 0.301
0.8 -0.12 0.28 -0.124 0.284
0.9 -0.02 0.18 -0.021 0.179
1 0.08 0.08 0.0801 0.0801

8

ISSN NO: 0975-6876

http://cikitusi.com/

CIKITUSI JOURNAL FOR MULTIDISCIPLINARY RESEARCH

Volume 6, Issue 6, June 2019 22



Figure 5.2
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5.2 Example
We consider u′(t) = 1 + 2u(t) + u2(t) with initial value u(0) = [α− 1, 1− α]

Sol: Given, u′(t) = 1 = 2u(t) + u2(t) .The Euler equation

uj + 1 = uj + h(tj .uj), j = 0, 0.1, 0.2, .......1 (15)

Comparition of exact solution and approximate sollutions of Example 5.2 h = 0.01, n = 8

Table 5.3

α Euler Solution Exact Solution
un un un un

0 0.08300 2.67781 2.6789 0.0845
0.1 0.19280 2.52522 0.189 2.5432
0.2 0.30443 2.37538 0.321 2.38
0.3 0.41792 2.21925 0.432 2.223
0.4 0.53333 2.08369 0.5291 2.100
0.5 0.630050 1.94172 0.8321 2.001
0.6 0.77003 1.80225 0. 7810 1.8214
0.7 0.89142 1.66523 0.8723 1.67001
0.8 1.01489 1.53060 1.0201 1.5293
0.9 1.14050 1.39830 1.150 1.3721
1 1.26828 1.26828 1.2671 1.2671

Table 5.4

α Euler Solution Exact Solution
un un un un

0 0.576674 2.10702 0.53 2.092
0.1 0.63849 2.01725 0.64 2
0.2 0.70201 1.92873 0.71 1.884
0.3 0.76721 1.84147 0.77 1.781
0.4 0.83405 1.75550 0.843 1.6821
0.5 0.90251 1.67085 0.98 1.582
0.6 0.97257 1.58754 1.01 1.586
0.7 1.04420 1.50561 1.07 1.49
0.8 1.11738 1.42507 1.12 1.373
0.9 1.19208 1.34595 1.2 1.283
1 1.26828 1.26828 1.25 1.25
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Figure 5.3
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Figure 5.4
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6 Conclution
In this paper we analysis the numerical approximate solutions for fuzzy Riccati differential

equations by Eular method using generalized derivative, and compare the result with exact solution.
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